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Abstract
We propose a revised definition of quasi-distributions within the framework of large-momentum
effective theory (LaMET) that improves convergence towards the large-momentum limit. Since
the definition of quasi-distributions is not unique, each choice goes along with a specific matching
function, we can use this freedom to optimize convergence towards the large-momentum limit.
As an illustration, we study quasi-distributions with a Gaussian weighting factor that naturally
suppresses long-range correlations, which are plagued by artifacts. This choice has the advantage
that the matching functions can be trivially obtained from the known ones. We apply the Gaussian
weighting to the previously published results for the nonperturbatively renormalized unpolarized
quark distribution, and find that the unphysical oscillatory behavior is significantly reduced.
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Recent years have witnessed rapid progress in calculating parton distribution functions
(PDFs), rather than just their moments, from lattice QCD [1–9]. The most remarkable
aspect of such calculations is that one can connect appropriately chosen Euclidean correlation
functions calculable on the lattice to PDFs through a perturbative matching relation. This
can be understood in the framework of the large-momentum effective theory (LaMET) [10,
11]. According to LaMET, one can construct appropriate quasi-PDFs which are time-
independent matrix elements defined at finite hadron momentum, and approach the PDFs
in the infinite momentum limit. The PDFs can be extracted from lattice calculations of
quasi-PDFs through a perturbative matching, up to power corrections suppressed by the
hadron momentum. It is worthwhile to stress that the choice of quasi-PDFs is not unique;
any construction is allowed as long as it approaches the PDFs in the infinite momentum
limit and is practically calculable. This provides a flexibility to optimize the PDF results
by choosing a suitable quasi-PDF that is best suited for lattice simulations.
The LaMET approach has been applied to compute the nucleon unpolarized, helicity
and transversity PDFs [3, 5–8], as well as the pion distribution amplitude (DA) [12]. A
first lattice PDF calculation at physical pion mass has also recently become available [13]
(see also [9]). In addition to LaMET, there also exist other proposals to use similar matrix
elements or current-current correlators at spacelike separation to compute PDFs, meson
DAs, etc. [4, 14–20].
The definition of quasi-PDFs in LaMET involves a spacelike Wilson line, which gives
rise to linear divergences that have to be nonperturbatively renormalized. As shown in
Refs. [21–26], the renormalization of such linear divergences takes an exponential form that
enhances the long-range correlations, and thereby significantly increases the uncertainties of
the result [8]. A large value of the product of the hadron momentum and the length of the
Wilson line, or the Ioffe-time, zpz, is responsible for the small-x behavior of the PDF when
Fourier transformed to momentum space. Given the small lattice hadron momentum used in
current lattice calculations, the extracted PDF can not be trusted in the x . 0.3 region. In
addition, since the matching is done perturbatively, using long distance input to reach large
zpz is also not justified, i.e. it introduces large systematic uncertainties. In, e.g. [14] such
contributions are suppressed by construction, forcing PDFs to vanish for Bjorken x > 1. In
the LaMET approach we chose not to do so to be able to use the obtained large Bjorken x
behavior as handle to estimate systematic uncertainties. The latter is needed if such results
are used in global PDF analysis as in [27]. Unless pz can be made large enough to make the
systematic errors small, lattice-PDFs will carry only very little weight in such fits. In [13]
two filtering techniques were thus used to estimate how large a pz has to be reached to obtain
reliable PDFs in the LaMET approach, where they also account for the truncation of the
long-range correlations. To estimate the systematics introduced by the filter function, the
authors of Ref. [13] proposed to study the parameter setup done in actual lattice calculations
using a known PDF input transformed to coordinate space and then back to x-space. This
allows a very rough estimation of the systematics due to the Fourier transformation, the
smallness of the hadron momentum and the lattice finite volume.
Here we propose a more systematic way to achieve the same effect. Just as there are
many lattice fermion actions which lead to the same continuum Dirac fermion action, there
are also a vast number of quasi-PDF constructions on the lattice which can reach the true
lightcone PDF after the proper matching. We choose to revise Ji’s quasi-PDFs definition by
including a Gaussian weighting factor that suppresses long-range correlations and removes
the unphysical oscillatory behavior. This construction only introduces a single parameter
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that we can control systematically with a known asymptotic large-momentum limit. Fur-
thermore, all the perturbative matching results already done for the original quasi-PDF can
be straightforwardly converted to those with the revised quasi-PDFs. As a demonstration,
we show the impact of the Gaussian weighting on the isovector unpolarized quark PDF
result presented in Ref. [8].
Let us consider the definition of the quasi-PDF, taking the unpolarized quark quasi-
PDF as an example. The discussion below applies equally well to other quark or gluon
quasi-PDFs, meson quasi-DAs, etc. The unpolarized quark quasi-PDF is defined as
q˜(x,Λ, pz) =
∫
dz
4pi
eixpzz〈p|ψ(0, 0⊥, z)γzL(z, 0)ψ(0)|p〉 , (1)
where the quark fields are separated along the spatial z-direction, L(z, 0) is the Wilson-line
gauge link inserted to ensure gauge invariance, pµ = (p0, 0, 0, pz) is the nucleon momentum,
and Λ denotes the UV cutoff or renormalization scale in an appropriate scheme such as the
RI/MOM scheme used in Refs. [8, 28].
Ref. [1] showed that the above quark quasi-PDF approaches the normal quark PDF in
the infinite-momentum limit pz → ∞. It is worthwhile to point out that, although the z-
integration in Eq. (1) goes over non-perturbative large distances, for a large pz the effective
integration range shrinks to small distances z ∼ 1/pz. In other words, the large pz limit
ensures the smallness of higher-twist corrections as well as perturbative corrections. In con-
trast, in the pseudo-distribution this is achieved by explicitly keeping z2 small. Nevertheless,
a large momentum is still required to probe information on higher moments. Therefore, the
quasi- and pseudo-distribution approaches are actually equivalent.
In the following we will focus on the quasi-PDF and consider our revised definition for
it. As mentioned earlier, any quark quasi-PDF that becomes the normal PDF in the limit
pz →∞ and is practically calculable offers an equally good candidate for lattice simulations.
We consider the following definition with a Gaussian weighting factor
q˜GW(x,Λ, pz) =
∫
dz
4pi
eixpzz−z
2/l2〈p|ψ(0, 0⊥, z)γzL(z, 0)ψ(0)|p〉 , (2)
where l denotes a length scale. The above definition is related to the original one in Eq. (1)
by
q˜GW(x,Λ, pz) =
∫
dz
4pi
eixpzz
[
2pz
∫
dye−iypzz q˜(y,Λ, pz)
] ∫
dt
lpz
2
√
pi
e−
t2l2p2z
4 e−itpzz
=
∫
dy q˜(y,Λ, pz)
[ lpz
2
√
pi
e−
l2(x−y)2p2z
4
]
. (3)
In the limit lpz  1, the term in the square bracket yields a δ-function δ(x − y) and
q˜GW becomes q˜. For a relatively large lpz, q˜GW differs from q˜ only by power corrections
suppressed by 1/(lpz)
2. Therefore, q˜GW(x) is an equally good candidate for the quasi-PDF.
In practice, the weighting parameter l can be tuned to optimize the PDF result extracted
from lattice simulations, provided that the additional errors introduced by the weighting are
under control.
In realistic lattice simulations, one can only have a finite lattice size and nucleon mo-
mentum. As a consequence, the z-integration in Eq. (1) is always truncated, which then
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FIG. 1. CJ15 PDF with different Gaussian weighting. The blue curve is the original PDF, “c=0”
denotes the Fourier transform result of a truncated coordinate space matrix element generated
from CJ15 data without weighting. The dashed curves correspond to different Gaussian weighting
factors. The plots correspond to apz = 2pi64 {6, 12, 24} with |zmax|/a = 32 (left column from top
to bottom) and apz = 2pi64 × 24 with |zmax|/a = {8, 16, 32} (right column from top to bottom),
respectively.
leads to an unphysical oscillation in q˜ obscuring the physical information embedded in it.
This has been seen in the result of Ref. [8]. As we will see below, Eq. (2) has the advantage
that, with an appropriate choice of the weighting parameter, the unphysical oscillation can
be removed while the physical result remains unchanged in the moderate-to-large Bjorken x
region. The price one has to pay is that the result in the small Bjorken x region is changed
by the weighting. This is the most difficult region for lattice simulations and can not be
trusted anyway at the current stage.
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Some general remarks on the choice of weighting parameter follow. On one hand, in
order that power corrections of O(1/(lpz)2) can be safely neglected, one needs lpz  1.
On the other hand, for a given pz, z
2/l2 shall not be too small for large z in order to
have a suppression of the long-range correlations. To find an optimal choice of l, let us
take the CJ15 PDF [29] as an example. For simplicity, we use the central value only. We
first Fourier transform the CJ15 PDF to coordinate space, then implement the Gaussian
weighting in a truncated region, and transform back to momentum space. The Gaussian
weighting is chosen to be in the form of e−cz
2/a2 with a the lattice spacing and c = a2/l2.
The results are shown in Fig. 1. The green curves correspond to the Fourier transform of
a truncated coordinate-space matrix element (with apz = 2pi/64{6, 12, 24} and |z|/a ≤ 32
for the left column, and apz = 2pi/64 × 24 with |z|/a ≤ {8, 16, 32} for the right column)
generated from the CJ15 PDF data. A truncation like this is unavoidable in a realistic
lattice simulation, and leads to an oscillation around the original CJ15 curve. As can be
seen from the figure, adding a weighting factor indeed improves the oscillatory behavior. For
a relatively large pz in the right column, there exists a wide range of choices for c that removes
the unphysical oscillation while retaining the original physical distribution at moderate to
large x. This requires |z|pz to reach at least ∼ 20 (estimated from the top right panel of
Fig. 1 with zmax pz = 32a × 12pi/(64a) ∼ 20). Moreover, the weighted distribution in the
moderate-to-large x region remains essentially unchanged from top to bottom in the right
column, indicating that information from large z is not important for constructing the PDF
in that region. Of course, the distribution in small-x region changes significantly since it is
determined by long-range correlations. The left column shows that the larger momentum one
has, the larger regions of the original curve one can recover from the weighted distribution
and the less sensitivity to c one has at moderate to large x. In general, it is optimal to choose
l in the perturbative range, in order to keep control of non-perturbative contributions. If we
have a = 0.05 fm, then for c = 0.05 we have l ∼ 1 GeV−1, the weighted curve still deviates
from the original curve at moderate to large x in the second plot of the left column, while
it essentially coincides with the original curve in the same region in the last plot of the left
column, which has twice the hadron momentum. This indicates that a larger momentum
is important to achieve a suppression of unphysical oscillation without changing physics at
moderate to large x.
The above example indeed gives some hint on the appropriate choice of c. In the following,
we apply the Gaussian weighting to the lattice data presented in Ref. [8], based on the
above observation. Fig. 2 shows the bare and renormalized matrix elements for nucleon
momentum pz = 6pi/L with L ≈ 3 fm, together with the Gaussian weighted renormalized
matrix elements. As an illustration, we show in Fig. 2 the Gaussian weighted results for
c = 0.01, 0.02, 0.05, respectively. One can clearly see a suppression of long-range correlations
after including the Gaussian weighting factor.
From Eq. (3), it is straightforward to write down the matching for q˜GW , which is related
to the matching for q˜ as following
q˜GW (x,Λ, p
z)
=
∫ 1
−1
du
|u|
∫
dy Z
(y
u
,
Λ
upz
,
µ
upz
)
q(u, µ)
[ lpz
2
√
pi
e−
(x−y)2l2p2z
4
]
+O(Λ2QCD/p2z,M2/p2z, 1/(lpz)2),
=
∫ 1
−1
du
|u|Z
(x
u
,
Λ
upz
,
µ
upz
)
q(u, µ) +O(Λ2QCD/p2z,M2/p2z, 1/(lpz)2), (4)
where the power corrections O(Λ2QCD/p2z,M2/p2z, 1/(lpz)2) in the first line are related to those
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FIG. 2. Impact of the Gaussian weighting factor on lattice matrix elements. The left plot shows
the real part, and the right the imaginary part of the matrix elements.
of the original quasi-distribution by Eq. (3), while in the second line we move the additional
O(1/(lpz)2) power correction from introducing the weighting to the second term. The extra
O(1/(lpz)2) power correction introduced by Gaussian weighting is similar to that introduced
by the gradient flow in Ref. [30], where one needs a non-zero flow time τ to ensure a finite
continuum limit of the quasi-PDF, but also needs to keep τ small to suppress the extra
O(√τΛQCD) corrections. It is therefore important to find a window for τ so that both can
be achieved. In our case, we need to keep a non-zero 1/l to suppress long-range correlations,
on the other hand, 1/l shall not be too large so that the extra O(1/(lpz)2) corrections are
still under control.
In Fig. 3, we show the impact of the Gaussian weighting on momentum-space distribution
obtained in Ref. [8]. To estimate the extra O(1/(lpz)2) errors in Eq. (4), we did a simple
extrapolation to infinite momentum as in Ref. [8], i.e. we have assumed a simple functional
form of the power corrections like a(x) + b(x)/p2z and used the results at different pz to
determine the leading term a(x). As can be seen from the plot, including the Gaussian
weighting reduces the oscillation in the negative x region observed in Ref. [8], which was
due to a cutoff in long-range correlations. Moreover, the Gaussian weighting introduces a
significant change for the distribution in the small-x region, but only a slight change at
moderate to large x, reflecting the large systematic error in the small-x region for current
lattice setups. The maximum zpz in this study is obviously not large enough, but the results
provide a quantitative estimate on which x region the PDF extracted from current lattice
data can be trusted.
In this paper, we have considered a revised quasi-distribution by including a Gaussian
weighting factor, which naturally suppresses the long-range correlation, even after renormal-
ization of the Wilson line. It improves the oscillatory behavior of the isovector unpolarized
quark PDF observed in Ref. [8]. The advantage of the revised quasi-PDF considered in this
paper is that the matching function and power corrections can be straightforwardly obtained
from the known ones for the standard quasi-PDF. A straightforward generalization of the
Gaussian weighting presented in this paper is to use a superposition of different Gaussian
factors or a pz-dependent weighting parameter c, which can also be easily implemented. It
is highly probable that more effective modifications of quasi-PDFs can be found, which will,
however, usually require a recalculation of the matching function and power corrections.
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FIG. 3. Impact of the Gaussian weighting factor on momentum space distribution.
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